The preparation of SU͑2͒ states as dark states of the motion of a trapped ion is considered. The difficulty in preparing these states is shown to arise from the degeneracy of eigenvalues of the Hamiltonian. This degeneracy is removed by making use of the nonlinearities appearing in the dynamics of an ion that is not well localized. The mechanism of approaching the dark state of interest is analyzed by using the quantum trajectory method.
I. INTRODUCTION
During the last few decades ion traps have become a prominently important tool for studying fundamental quantum-mechanical phenomena. In an ion trap the centerof-mass of a single ion experiences an approximate harmonic external potential ͓1͔, hence the ion trap is a realization of the harmonic-oscillator model in quantum mechanics. Ion trapping inspired the development of laser cooling techniques such as ''Doppler'' laser cooling ͓2-4͔, and laser cooling in the resolved sideband limit ͓4͔, which allows one to prepare the ion in the vibrational ground state ͓5,6͔. Making use of the momentum exchange between atom and light, one can manipulate the atomic center-of-mass motion. In this manner, experiments have been performed to generate motional number states, squeezed states ͓7͔, and Schrödinger-catlike states ͓8͔.
Several nonclassical states are very sensitive to decoherence effects that limit their lifetimes. It may be advantageous to generate the target vibrational state in such a way that even in the presence of noise the disturbed system evolves back to the target state. This will happen if this state is an eigenstate of the interaction Hamiltonian with zero eigenvalue, which is not affected by dissipation. The latter requirement is achieved, in particular, when the atom is in the ground state, so that spontaneous decay is not allowed. Fluorescence disappears, leading to a ''dark'' state. There have been several theoretical proposals dealing with motional dark states that realize this type of dynamics, including squeezed states ͓9͔, even and odd coherent states ͓10͔, nonlinear coherent states ͓11͔, and squeezed cat states ͓12͔. Similarly, the generation of multimode entangled states as dark states could also be of practical importance. In this spirit, the preparation of pair coherent states ͓13͔ and pair cat states ͓14͔ has already been considered.
In this paper we show that it is possible to generate dark SU͑2͒ states of the center-of-mass motion of a trapped ion. These are entangled states of the vibrations along two orthogonal trap directions, which can be characterized by quantum numbers corresponding to pseudoangular momentum operators. These operators are defined in terms of bilinear combinations of the bosonic operators corresponding to the two directions, using the Schwinger representation ͓15͔. Some particular properties, including the generation and the detection of pseudoangular momentum states of the motion of a trapped ion have been discussed in Ref. ͓16͔ . We show that it is possible to engineer, with properly tuned laser beams, interaction Hamiltonians with zero-energy eigenstates that are very good approximations to SU͑2͒ vibrational states. We also show that, for each of these Hamiltonians, the zero-energy eigenvalue must be nondegenerate in order to have a stable dark state. This requires exploiting the nonlinearities of the laser-ion interaction.
The paper is organized as follows: In Sec. II the excitation scheme is considered and the effective Hamiltonian is given. The properties of the eigensystem of the Hamiltonian are studied in Sec. III, with particular emphasis on the effect of the nonlinear character of the interaction on the degeneracy of the eigenvalues. The dynamical evolution of the system is considered in Sec. IV. Section V is devoted to analyze the mechanism of how the system approaches the motional dark state. A summary and some conclusions are given in Sec. VI.
II. THE HAMILTONIAN
In this section we discuss the physical model of the experimental setup that realizes the dynamics under consideration. An ion is trapped in a rf Paul trap where we concentrate on the two-dimensional motion of the ion ͓17͔. The ion is considered as an effective electronic two-level system. The electronic transition is driven by three resonant laser fields; one of them is tuned to the carrier frequency, the others are tuned to vibrational sidebands, see Fig. 1 . The Hamiltonian of the system in the electronic rotating wave approximation reads
where
describes the free motion of the internal and external degrees of freedom of the ion, and
is the interaction of the ion with the laser fields. The frequencies x and y describe the center-of-mass motion of the ion in the harmonic trapping potential in the x and y directions, respectively. It is assumed that x Ͻ y . The vibrational mode operators associated with the x and y motions are â and b , respectively. The electronic flip operators are denoted by Â i j (i, jϭ1,2) . ⍀ i (iϭ0,1,2) describes the strength of the ion-laser interaction, and the fields are characterized by the wave vectors k i (iϭ0,1,2) and frequencies 21 and Li (i ϭ1,2). One of the lasers is tuned to the carrier frequency 21 of the electronic transition. The frequency L1 is chosen in such a way that the electronic transition is accompanied by a creation of the vibrational quantum in the x mode and an annihilation of the vibrational quantum in the y mode, i.e., L1 ϭ 21 ϩ x Ϫ y . Similarly, the frequency of the other light field driving a sideband is L2 ϭ 21 ϩ y Ϫ x .
The Lamb-Dicke parameters are defined by
͑4͒
where ⌬q(qϭx,y) is the spread of the vibrational groundstate wave function of the center-of-mass motion of the ion in the trap, and k iq is the qth component of the wave vector of the ith laser field. We choose now the directions of propagation of the laser fields so that some of the Lamb-Dicke parameters become small. For the field at the carrier frequency we set 0x,y Ӷ1. For the other two fields we choose i,y Ӷ1 and define ϭ i,x .
The Hamiltonian ͑1͒ in the interaction picture with respect to Ĥ 0 ͓cf. Eq. ͑2͔͒ and in the vibrational rotating wave approximation reads
͑5͒
where we require that the parameters of both laser fields tuned to vibrational sidebands satisfy the condition ⍀ ϭ ix iy e Ϫ iy 2 /2 ⍀ i (iϭ1,2), and
where L n (1) (x) is the nth first-order associated Laguerre polynomial.
In Eq. ͑5͒, the Lamb-Dicke approximation was adopted for the y direction, and also for the carrier field in the x direction, since 0x,y , i,y Ӷ1, and we also assume that the occupation numbers in the x and the y direction are such that 0x,y ͱn x ϩ1Ӷ1, 0x,y ͱn y ϩ1Ӷ1, and i,y ͱn y ϩ1Ӷ1. This approximation implies that the dependence of the interaction on n y is neglected. We keep however the dependence on n x , assuming that ix ϭ has a larger value.
Given two independent sets of boson operators ͕â ,â † ͖ and ͕b ,b † ͖, one may introduce operators satisfying the angular momentum algebra in the following way ͓15͔:
For the trapped ion, the two-mode Fock state ͉n x ,n y ͘ can be described as the pseudoangular momentum state that is a common eigenstate of the pseudoangular momentum operators Ĵ 2 and Ĵ 3 associated with the eigenvalues (n x ϩn y )(n x ϩn y ϩ2)/4 and (n x Ϫn y )/2, respectively ͓16͔. One should note that the three operators Ĵ i are constructed with operators corresponding to the quantized motion in the plane xϪy. Therefore they cannot be related to the orbital angular momentum components L i , iϭx,y,z, of the trapped ion. Only if x ϭ y do we have Ĵ 2 proportional to L z , but even in this case the other components of Ĵ do not have a similar interpretation. Now we can insert the pseudoangular momentum operators ͑7͒ into Eq. ͑5͒ to obtain
where Eϭ⍀ 0 /2⍀ and
where Ĵ Ϯ ϭĴ 1 ϮiĴ 2 , and ͉Ĵ ͉ϭ(n x ϩn y )/2. It is clearly seen For large values the vibrational operator in Eq. ͑9͒ may be considered as a nonlinear generalization of the pseudoangular momentum operator Ĵ 1 .
III. EIGENSTATES AND EIGENVALUES
In this section we study the properties of the eigensystem of B vib . It can be easily seen that B vib commutes with Ĵ 2 for any value of . Consequently, the operators Ĵ 2 and B vib possess a common eigenstate system,
For every pseudoangular momentum j there are, in general, 2 jϩ1 different eigenvalues m ( j) and the corresponding eigenstates ͉ j m ͘. The index m in m signifies that in the limit →0 the eigenvalue is m ϭm and the states ͉ j m ͘ tend to the eigenstates ͉ jm͘ of the operators Ĵ 2 and Ĵ 1 .
Let us consider first the limit →0. Then, as seen before, the operator B vib reduces to Ĵ 1 . The eigenvalues of Ĵ 1 are displayed in Fig. 2 . It is clearly seen that the eigenvalue spectrum is highly degenerate. The corresponding eigenstates are entangled in the Fock basis associated with the x and y axes. For example, the state corresponding to m 1 ϭ1/2, jϭ1/2 is
while the state with jϭ1, m 1 ϭ0 may be written as
For more general types of these states see, for example Ref.
͓16͔. Entangled states like these may play an important role in quantum information theory and in the study of quantum decoherence effects. Our aim is to obtain these entangled states as dark states, thus protecting them from degrading caused by noise. We will show in the next section that dark states should be zero-energy eigenvectors of the interaction Hamiltonian, with the ion in its ground electronic level. It is clear that, by adjusting the constant E in Eq. ͑8͒, we can select the eigenspace that corresponds to the zero eigenvalue of Ĥ I in Eq. ͑8͒. However, in order to select a single pseudoangular momentum eigenstate, this eigenspace must be nondegenerate. This can be achieved by exploiting the nonlinearities associated with the ion-laser interaction ͑large enough Lamb-Dicke parameter͒. We will show in the next section that it is then possible to get stable target dark states, which are very good approximations to the SU͑2͒ states mentioned before.
For a nonvanishing Lamb-Dicke parameter the eigensystem can be calculated numerically by diagonalizing the operator ͑9͒. We call the eigenstates of B vib nonlinear pseudoangular momentum states. The degeneracy of the eigenvalue spectrum of B vib is resolved, at least for nearby eigenvalues, as clearly shown in Fig. 3 . Accidental degeneracies may still occur, but they will not affect our scheme substantially if the eigenvalues involved are very far away in the diagram shown in Fig. 3 . To get some insight on how the degeneracy in the eigenvalue spectrum is raised, one may calculate approximately the difference between two eigenvalues for increasing . For ϭ0 we choose the eigenvalues 1/2 (3/2) and 1/2 (1/2).
Expanding the operator f 1 (n ;) in B vib into a Taylor series up to second order in , one finds
Though in general the eigenvalues of B vib are different from that of Ĵ 1 the corresponding eigenstates are still very close to each other. In Table I we show the square of the overlap of the eigenstates of Ĵ 1 and B vib for ϭ0.25. It can be seen that even for this value of the Lamb-Dicke parameter the overlap is close to unity for the first few values of the total pseudoangular momentum j. It follows that by generating the eigenstates of B vib one gets states that are almost perfect SU͑2͒ states. In the next section we discuss a dynamics that yields these states as stationary ones. 
IV. DYNAMICAL BEHAVIOR
The time evolution of the system is characterized by the Master equation
where Ĥ I is defined in Eq. ͑8͒ and the last term describes spontaneous emission with energy relaxation rate ⌫, and
accounts for changes of the vibrational energy due to spontaneous emission. w (u,v) is the angular distribution of spontaneous emission and ˆt he vibronic density operator, reduced with respect to the vibrational motion in the z direction ͓17͔. If the Lamb-Dicke parameter is sufficiently large, this condition is fulfilled, except for the possible presence of accidental degeneracies, see the discussion in the previous section. These degeneracies in the eigenvalues of the operator B vib will not change the results substantially, as long as the involved eigenvalues of Ĵ 2 are well separated, and if the initial state belongs to a subspace that is close to one of the degenerate eigenstates and far away from the other. Then, the probability of populating the ''undesired'' state remains very small.
Let's assume that the initial state of the system is a pure state ͉͘ in . This state can be expanded as a superposition of the eigenstates of B vib
͑18͒
The Hamiltonian evolution connects only states having the same pseudoangular momentum. Therefore for approaching a target state ͉1͉͘ jЈ n Ј͘, the non-Hermitian part in the Master equation ͑15͒ plays an important role.
We have performed quantum trajectory simulations ͓18-20͔ to understand this evolution. The effective, nonHermitian Hamiltonian governing the continuous dynamics reads
where Ĥ I is defined in Eq. ͑8͒ and the jump operators are given by
In the course of quantum trajectory simulations an initial wave function is evolved with the Hamiltonian Ĥ eff , and jumps at random times, interrupt this evolution. The times of the jumps are determined by the decay of the norm of the time-evolved wave function.
V. APPROACHING THE DARK STATE
Let us consider the approach of the system to the required target state by the use of the quantum trajectory method. The conditional wave function of the system is The continuous time evolution of the coefficients c j m and d j m is determined by the equations
where n Ј is the eigenvalue corresponding to the vibrational part ͉ jЈ n Ј͘ of the target state. If m n Ј , then in a long timescale without jumps, the solution of Eq. ͑23͒ is c j m ϭd j m ϭ0. In the special case jϭ jЈ and mϭn one has
The probability amplitude c j Ј n Ј of the target state is conserved. This equation clearly shows that if in the initial state the weight of the target state is zero, then only the jumps may lead to the target state ͉1͉͘ jЈ n Ј͘.
Let's study the effect of the jumps. The initial state is assumed to be ͉(0)͘ϭ͉1͉͘ 1 ͘. As a simplest model we ignore for the moment the motional kick effects and assume that the jump operator ͑20͒ acts vertically, i.e., Ĵ uv ϭͱ⌫w(u,v)Â 12 . This corresponds to a small Lamb-Dicke parameter associated with the spontaneous emission. When a jump occurs the following transformation is applied:
for all allowed indices ( j,m) , and the state vector should be renormalized. The superscripts (Ϫ)/(ϩ) indicate the coefficients just before or after a jump. The first jump occurs when the norm of the conditional wave function ͑21͒ gets smaller than a previously drawn random number . If the probability amplitude of the target state is c j Ј n Ј in the initial state then the norm of the conditional wave function can never become smaller than p no ϭ͉c j Ј n Ј ͉ 2 since this quantity is conserved according to Eq. ͑24͒. Consequently if Ͻp no then in a long timescale the state of the system will be the wanted target state since all the other coefficients vanish according to Eq. ͑23͒. Performing several runs one has p no probability that the first drawn random number is smaller than p no . It follows that in the long timescale the density operator associated with the vibrational degree of freedom is
where ˆЈ (t) vib is a density operator that has no projection onto the state ͉ jЈ n Ј͘. Consequently, in this case the dynamics does not lead to the required target state but it results in a mixed state in which the weight of the target state is p no .
In a real trap the Lamb-Dicke parameters associated with the spontaneous emission are so large that one cannot replace the exponential factor by 1 in the jump operators Ĵ uv , Eq. ͑20͒. The role of the exponential part is to mix vibrational states of different indices, i.e., the jumps are nonvertical. The matrix elements of the exponential term in Ĵ uv are
which is in general a nondiagonal matrix. Consequently, in place of the vertical transitions given in Eq. ͑25͒, the vibrational distribution transforms now as
for all allowed indices ( j,m) , and the state vector should be renormalized. These considerations show clearly that the speed of approaching a required target state depends on the magnitude of the Lamb-Dicke parameters x,y (r) associated with the spontaneous emission. In the quantum trajectory simulation one trajectory is a sequence of free evolutions described by Eq. ͑23͒ and jumps according to Eq. ͑28͒. After a jump the probability amplitude c j Ј n Ј of the target state is given by Eq. ͑28͒. If the next drawn random number is smaller than ͉c j Ј n Ј ͉ 2 , then after some time the dynamical evolution stops and the system remains in the target state ͉1͉͘ jЈ n Ј͘. According to the discussion in the previous section this state is a dark state since in this state the ion is decoupled from the driving laser fields and it stops to radiate. In our first numerical example the eigenvalue 1 (1) was chosen for E in the interaction Hamiltonian in Eq. ͑8͒. Therefore the target state is ͉1͉͘1, 1 (1)͘. The initial state was ͉(0)͘ϭ͉1͉͘00͘. In order to study the time evolution of the density operator, the variations of some populations are plotted in Fig. 4 ϭ2⌫. The continuous curve corresponds to the target state. The two other curves are associated with states that have eigenvalues that are very close to that of the target state. The time evolution consists of two parts. In the beginning the population of the target state increases rapidly. After a certain time interval this quick growth is slowed down significantly. Around the end of the rapid growth there are other nondesired states, which are also populated significantly. It can be seen that a long time is needed to depopulate these states and to get all the population in the target state.
In the second numerical simulation E was set to 1 (2) in Eq. ͑8͒. The Lamb-Dicke parameters were the same as in the previous example. In Fig. 5 the populations of the same states are shown as in Fig. 4 . The dynamics consists of two stages again. At the end of the first part the populations of the chosen states are similar to those in the previous case. The state ͉1, 1 (1)͘ has the highest population. In the slow period the population of this state together with the state ͉3 1 (3)͘ decreases while the population of the state ͉2 1 (2)͘ approaches unity.
VI. SUMMARY AND CONCLUSION
We have worked out a scheme to prepare dark SU͑2͒ vibrational states of a trapped ion. In the scheme an electronic transition of an ion is driven by running wave laser fields. Two laser fields realize the pseudoangular momentum Hamiltonian, while a third one sets an eigenvalue. It has been shown that, in the Lamb-Dicke regime, pure pseudoangular momentum states cannot be obtained as dark states due to the degenerate eigenvalue spectrum of the pseudoangular momentum operators. Instead, the degeneracy of the eigenvalue spectrum can be resolved by taking into account the nonlinearities arising from the nonvanishing Lamb-Dicke parameter associated with the laser-ion interaction. Nevertheless, it has been shown that the corresponding eigenstates of the vibrational part of the interaction Hamiltonian are very close to perfect SU͑2͒ states for not too large values of the total pseudoangular momentum of the states.
We have used the quantum jump method to discuss the dynamical evolution of the system to a unique steady state. In such a state, the ion is decoupled from the driving laser fields and stops to radiate, and hence these states are called dark states, which are eigenstates of the interaction Hamiltonian with zero eigenvalue. We have shown both analytically and numerically that the magnitude of the Lamb-Dicke parameters associated with the quantum jumps of the driven electron plays an important role in the approach of the system to the target state.
Our method allows the preparation of SU͑2͒ states from a manifold of initial states in a rather stable manner and does not require an initial cooling of the ion to the ground state. The prepared state is protected against degradation due to noise; the engineered Hamiltonian always pulls the state towards the target state. Of course, in order to use these entangled states in possible experiments on quantum information processing or decoherence, one should switch off the lasers after preparing the state.
